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1

Picking up an empty milk carton that we believe to be full is a familiar example of adaptive control, because the adaptation process of
estimating the carton’s weight must proceed simultaneously with the control process of moving the carton to a desired location. Here we
show that the motor system initially generates highly variable behavior in such unpredictable tasks but eventually converges to stereo
typed patterns of adaptive responses predicted by a simple optimality principle. These results suggest that adaptation can become
specifically tuned to identify task-specific parameters in an optimal manner.

Introduction
Flexible motor control is an essential feature of biological organ
isms that pursue their goals in the face of uncertainty and incom
plete knowledge about their environment. It is therefore not sur
prising that the phenomenon of adaptive behavior pervades the
entire animal kingdom from simple habituation to complex re
inforcement learning (Reznikova, 2007). Conceptually, learning
is naturally understood as an optimization process that leads to
efficient motor control. Thus, once learning has taken place and
stable motor responses have formed, complex motor behaviors
can often be understood by simple optimality principles that
trade off attributes such as task success and energy expenditure
(Todorov, 2004). In particular, optimal feedback control models
have been successful in explaining a wide variety of motor behav
iors on multiple levels of analysis (Todorov and Jordan, 2002;
Scott, 2004; Diedrichsen, 2007; Guigon et al., 2007; Liu and
Todorov, 2007). Optimal control models typically start out with
the dynamics of the environment (e.g., dynamics of the arm or a
tool) and a performance criterion in the form of a cost function
(Stengel, 1994). The optimal control is then defined as a feedback
rule that maps the past observations to a future action. This feed
back rule minimizes the cost and is usually compared with the
control actions chosen by a human or animal controller in an
experiment (Loeb et al., 1990; Todorov and Jordan, 2002).
Importantly, optimal feedback control requires knowledge of
the environmental dynamics in the form of an internal model.
Consider, for example, that we wish to move a milk carton with
known weight to a new location. An internal model would predict
the future state of the controlled system xt+1 (e.g., future carton
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and hand position, velocity, etc.) from the current state xt and the
current action or control ut (e.g., a neural control command to
the muscles). Mathematically, the internal model can then be
compactly represented as a mapping F with xt+1 = F(xt, ut).
Experimentally, such internal models have been shown to play a
crucial role in human motor control (Shadmehr and MussaIvaldi, 1994; Wolpert et al., 1995; Wagner and Smith, 2008).
However, the question arises whether adaptive behavior in an
environment where the dynamics are not completely known can
be understood by the same principles. Mathematically, we can
formalize an adaptive control problem as a mapping xt+1 = F(xt,
ut, a) with unknown system parameters a that have to be esti
mated simultaneously with the control process (Sastry and Bodson, 1989; Åström and Wittenmark, 1995). For example, in the
case of a milk carton with an unknown weight, the motor system
must adapt its estimate of the carton’s weight (the parameter a in
this case), while simultaneously exerting the necessary control to
bring the carton to a desired location. This raises a fundamental
question as to whether such estimation and control is a generic
process operating whenever the motor system faces unpredict
able situations or whether the adaptation process itself undergoes
a learning phase so as to become tuned to specific environments
and tasks in an optimal manner. Here we design a visuomotor
learning experiment to test the hypothesis that with experience of
an uncertain environment the motor system learns to perform a
task-specific, stereotypical adaptation and control within indi
vidual movements in a task-optimal manner. In the following we
will refer to changes in the control policy that occur within indi
vidual movements as “adaptation” to distinguish them from
“learning” processes that improve these adaptive responses
across trials.

Materials and Methods
Data acquisition. Nineteen healthy naive subjects participated in this
study and gave informed consent after approval of the experimental
procedures by the Ethics Committee of the Albert Ludwig University,
Freiburg. Subjects controlled a cursor (radius 1 cm) on a 17" TFT com
puter screen with their arm suspended by means of a long pendulum (4
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m) that was attached to the ceiling. Subjects grabbed on to a handle at the
bottom of the pendulum and moved it in the horizontal plane. Move
ments were recorded by an ultrasonic tracker system (CMS20, Zebris
Medical, 300 Hz sampling, 0.085 mm accuracy). The screen displayed
eight circular targets (radius 1.6 cm) arranged concentrically around a
starting position (center–target distance 8 cm). Subjects were asked to
move the cursor swiftly into the designated target and each trial lasted
two seconds (therefore in early trials subjects often did not reach the
target within the time window).
Experimental procedure. Two groups of subjects underwent two exper
imental blocks (2000 trials each) in which participants performed reach
ing movements in an uncertain environment. In both blocks the majority
of trials were standard trials. However, on 20% of randomly selected
trials a visuomotor perturbation was introduced. Each perturbation trial
was always followed by at least one standard trial so that random pertur
bation trials were interspersed individually among the standard trials. In
the first group (rotation group, 10 subjects) the perturbation was always
a random visuomotor rotation with a rotation angle drawn from a uni
form distribution over {± 30°, ± 50°, ± 70°, ± 90°}. Thus, the majority of
trials had a normal hand– cursor relation and in visuomotor rotation
trials the rotation angle could not be predicted before movement, requir
ing subjects to adapt online within a single trial to achieve the task. In the
second group (target jump group, 9 subjects) the first block of 2000 trials
were target jump transformations where the target jumped unpredict
ably to a rotated position (rotation angles drawn randomly again from a
uniform distribution over {± 30°, ± 50°, ± 70°, ± 90°}). In target jump
trials the jump occurred when then hand had moved 2 cm away from the
origin. In the second block of 2000 trials the target jump group also
experienced random rotations just like the first group. Thus, all subjects
performed 4000 trials in total. We analyzed the first 2000 trials to assess
how performance changed as subjects learned to adapt to the task re
quirements. Performance was assessed as the minimum distance to the
target within the 2 s trial period, the magnitude of the second velocity
peak, and movement variability. To calculate movement variability each
two-dimensional positional trajectory was temporally aligned to the
speed threshold of 10 cm/s and then the variance of the x and y positions
were calculated for each time point across the trajectories and subjects
(time 0 s corresponds to 200 ms before the speed threshold). The total
variance was taken as the sum of the variance in x position and y position,
and the square root of the variance (SD) was plotted. The last 2000 trials
of the first group were used for fitting subjects’ stationary patterns of
adaptation to an optimal adaptive control model.
Adaptive optimal control model. To model adaptation and control we
used a linear model of the hand/cursor system and a quadratic cost
function to quantify performance (Körding and Wolpert, 2004). Full
details of the simulations are provided in the supplemental Methods
(available at www.jneurosci.org as supplemental material). As we include
the effects of signal-dependent noise on the motor commands (Harris
and Wolpert, 1998), the resulting optimal control model belongs to a
class of modified linear quadratic-Gaussian systems (Todorov and Jor
dan, 2002). The equations we used are as follows:

State update: xt+1=F[i]xt+Gut+signal-dependent noise
Observation: yt=Hxt+additive noise.
The state xt represents the state of the hand/cursor system (a point-mass
model) and the observation yt represents the delayed sensory feedback to
the controller. The state update equation depends on the current state
(first term), the current motor command (second term), and signaldependent noise (details in supplemental Methods, available at www.
jneurosci.org as supplemental material). The observation equation re
lates the sensory feedback to the current state xt and the additive obser
vation noise. The important novelty here is that the forward model of the
system dynamics F depends in a nonlinear way on the rotation parameter
i between the hand and cursor position. This parameter is unknown to
subjects before each trial and must be estimated online during each
movement.
The hand was modeled as a planar point-mass (m = 1 kg) with posi
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tion and velocity vectors given by pH
t and vt, respectively. The cursor
position is given by a rotation of the hand position pCt = DipH
t , where Di
is the rotation matrix for a rotation of angle i. The two-dimensional
control signal ut is transformed sequentially through two muscle-like
low-pass filters both with time constants of 40 ms to produce a force
vector ft on the hand (with gt representing the output of the first filter)—
see (Todorov, 2005) and supplemental material (available at www.
jneurosci.org) for details. Thus, the 10-dimensional state vector can be
expressed as [pCt;vt; ft; gt; pTarget], where p Target corresponds to the target
position in cursor space. Sensory feedback yt is given as a noisy observa
tion of the cursor position, hand velocity, and force vector with a feed
back delay of 150 ms. In Results, we also compute the angular momen
tum as the cross product pH
t X vt multiplied by the point-mass m = 1 kg.
The cost function J can be expressed as follows:

1
Cost J _ E [
2

L
�

{ xTt Qxt+uTt Rut}].

t=0

The matrix Q is designed to punish positional error between cursor and
target and high velocities and is parameterized accordingly with two
scalar parameters wp and wv. The matrix R punishes excessive control
signals and was taken as the identity matrix scaled by a parameter r. Since
the absolute value of the cost J does not matter for determining the
optimal control, i.e., only the ratio between Q and R is important, we set
wp = 1. We chose a cost function without a fixed movement time (i.e., an
infinite horizon cost function) so the amount of time required for adap
tation to reach the target might vary. Such a cost function allows com
puting the state-dependent optimal policy at each point in time consid
ering the most recent estimate of i. Since the trial duration was relatively
long (2 s) this cost function allowed reasonable fits to the data.
The optimal policy of the above control problem is the feedback rule
that minimizes the cost function J. Since the parameter i is unknown,
this adaptive optimal control problem can only be solved approximately
by decomposing it into an estimation problem and a control problem
(certainty-equivalence principle). The estimation problem consists of
simultaneously estimating the unobserved state xt and the unknown pa
rameter i from the observations yt. This can be achieved by introducing
an augmented state x̃t = [xt; it] and using a nonlinear filtering method
(e.g., unscented Kalman filter) for the estimation x̃ˆt = [x̂t; ît] in this
augmented state space—see supplemental material (available at www.
jneurosci.org) for details. To allow the controller to adapt its estimate of
i we model the parameter as a random walk with covariance iv, which
determines the rate of adaptation within a trial. The optimal control
command at every time point can then be computed as a feedback con
trol law ut = -L[ît]x̂t, where L[ît] is the optimal feedback gain for a
given parameter estimate ît. To allow for the uncertainty of the param
eter estimate to affect the control process (noncertainty-equivalence ef
fects), we introduce two additional cautiousness parameters Ap and Av.
Based on the models uncertainty in the rotation parameter i, these re
duce the gains of the position and velocity components of the feedback
thereby slowing down the controller in the face of high uncertainty
(equivalent to making the energy component of the cost more impor
tant). Importantly, the cautiousness parameters do not introduce a new
optimality criterion; rather they provide a heuristic to find an approxi
mation to the optimal solution and are often used in adaptive control
theory when faced with an analytically intractable optimal control prob
lem (see supplemental material, available at www.jneurosci.org). Ac
cordingly, the costs achieved by a cautious adaptive controller can be
lower than by a noncautious adaptive controller—see supplemental ma
terial (available at www.jneurosci.org) for details.
Parameter fit. Some of the parameters of the model were taken from
the literature as indicated above. There were six free scalar parameters
that were fit to the data, and these are (1) the cost parameters wv and r, (2)
the cautiousness parameters Ap and Av, (3) the adaptation rate iv, and
(4) the signal-dependent noise level. We adjusted these parameters to fit
the mean trajectory of the 90°-rotation trials (by collapsing the +90° and
-90° trials into one angle). These parameter settings were then used to
extrapolate behavior to both the standard trials and all other rotation
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trials. The reason we chose 90° is that the
perturbation has the strongest effect here,
and therefore the fit would have the best
signal-to-noise ratio to allow us to get the
most precise estimates of the parameters.
Thus, the issue of overfitting is avoided as the
model predictions are evaluated for nonfitted
conditions. The fit was to the second 2000
trials when subjects of the rotation group
exhibited stationary responses to the visuo
motor rotations. Details of the parameter fits
can be found in the supplemental material
(available at www.jneurosci.org).

Results
To test the hypothesis that the motor sys
tem can learn to adapt optimally to specific
classes of environments we exposed a first
group of participants to a reaching task in
which on 20% of the trials a random visuo
motor rotation was introduced. Since
these random rotations could not be pre
dicted (and were zero mean across all ro- Figure 1. Evolution of within-trial adaptive behavior for random rotation trials. A, Mean hand trajectories for ± 90° rotation
tations), participants had to adapt to the trials in the first 10 batches averaged over trials and subjects (each batch consisted of 200 trials, �5% of which were ± 90°
perturbations online during the move- rotation trials). The -90° rotation trials have been mirrored about the y-axis to allow averaging. Dark blue colors indicate early
ment. This online adaptation is different batches, green colors intermediate batches, red colors indicate later batches. B, The minimum distance to the target averaged for
from online error correction (Diedrichsen the same trials as A (error bars indicate SD over all trajectories and all subjects). This shows that subjects’ performance improves
et al., 2005), since the rules of the control over batches. C, Mean speed profiles for ± 90° rotations of the same batches. In early batches, movements are comparatively slow
process—i.e., the “control policy” that and online adaptation is reflected in a second peak of the speed profile which is initially noisy and unstructured. D, The magnitude
maps sensory inputs to motor outputs— of the second peak increases over batches (same format as B). E, SD profiles for ± 90° rotation trajectories computed for each trial
batch. F, SD of the last 500 ms of movement. Over consecutive batches the variability is reduced in the second part of the
has to be modified. Importantly, the modmovement.
ification of the control law is a learning
process, whereas online error correction,
1 F)—the variability in the last 500 ms of the movement in the
e.g., to compensate for a target jump, can take place under the
first batch was significantly larger than in the last batch ( p < 0.01,
same policy without learning a new controller. To enforce online
F test). The color code in Figure 1 indicates that the second part of
adaptation the vast majority of trials had a standard hand/cursor
the movement converged to a stereotyped adaptive response. To
relationship and only occasional trials were perturbed. Thus,
test for the possibility that subjects simply became nonspecifically
movements typically started out in a straight line to the cursor
better at feedback control, a second group of participants per
target because subjects assumed by default a standard mapping
formed a target jump task for the first 2000 trials. In direct cor
between hand and cursor — see Figure 1 A. However, after a time
respondence to the random rotation task 20% of the trials were
delay of 100 –200 ms into the movement subjects noticed the
random target jump trials. Since a target jump does not require
mismatch between hand and cursor position in random rotation
learning a new policy but simply an update of the target position
trials and started to modify their movements. This adaptive part
in
the current control law, we would expect to see no major
of the movement can be seen from the change of direction in the
learning
processes in this task. This is indeed what we found. In
trajectory and the appearance of a second peak in the speed pro
Figure 2 we show the same features that we evaluated in the
file (Fig. 1 C).
random rotation trials to assess over-trial evolution of sensori
To assess our hypothesis of task-optimal adaptation, we first
motor response patterns.
investigated whether subjects showed any kind of improvement
To test whether the change in behavior over trials might
in adapting to the unpredictable perturbations during the move
represent an improvement—in the sense of minimizing a cost
ments. Indeed, we found that the adaptation patterns in random
function—we computed the costs of the experimentally ob
rotation trials were very different in early trials compared with
served trajectories for 90° rotations. We used the inverse sys
the same rotations performed later in the experiment (Fig.
tem equations to reverse-engineer the state space vector xt and
1 B,D,F ). In the beginning, large movement errors occurred more
the
control command ut from the experimental trajectories.
frequently, i.e., subjects often did not manage to reach the target
We then used a quadratic cost function that successfully cap
precisely within the prescribed 2 s time window (Fig. 1 B). The
tured standard movements and computed the costs of all the
difference in the minimum distance to the target within this al
trajectories of the experiment. We found that the cost of the
lowable time window between the first and last batch of 200 trials
trajectories with regard to the quadratic cost function de
was significant ( p < 0.01, Wilcoxon rank-sum test). In early
creased over trials (Fig. 3A). This shows that the observed
trials the second peak of the speed profile was barely visible as
change in adaptation can be understood as a costmovements were relatively unstructured and cautious, but in
optimization process. In contrast to the first group, the second
later trials a clear second speed peak emerged (Fig. 1 C). Early
group showed no trend that would indicate learning—there is
trials also showed high variability in the second part of the move
no significant difference between the minimum distance to the
ment, whereas in later trials adaptive movements were less vari
target between the first and the last batch ( p > 0.01, Wilcoxon
able and therefore more reproducible between subjects (Fig.
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mance of the rotation group in the begin
ning of the first block (Fig. 4 D–E). Then,
over the first few trial batches this group
substantially improved (Fig. 5D–E) and
the difference in minimum target distance
between the first batch and the last are
highly significant ( p < 0.01, Wilcoxon
rank-sum test). Therefore, the experience
of unpredictable target jumps did not al
low for learning an adaptive control policy
that is optimized for unpredictable visuo
motor rotations.
Finally, we investigated whether the
stationary adaptation patterns observed in
later trials of the first group could be ex
plained by an adaptive optimal feedback
controller that takes the task-specific pa
rameters of a visuomotor rotation explic
itly into account. Importantly, a nonadap
tive controller that ignores the rotation
becomes quickly unstable (Fig. S4). The
Figure 2. Evolution of motor responses to random target jumps. A, Mean trajectories for ± 90° target jumps over batches of adaptive optimal controller has to estimate
200 trials, � 5% of which were ± 90° target jump trials. Dark blue colors indicate early batches, red colors indicate later batches. simultaneously the arm and cursor states
B, The bottom shows that subjects’ performance did not significantly improve over trials. Error bars indicate SD over all trials and as well as the hidden “visuomotor
subjects. C, Mean speed profiles for ± 90° target jumps of the same trial batches. A second velocity peak is present right from the
rotation”-parameter online (see Materials
start. D, The bottom shows the evolution of the magnitude of the second speed peak. E, SD for ± 90° target jumps computed over
and Methods). This results in the online
the same trial batches. Over consecutive batches the variance remains constant. F, SD over the last 500 ms of movement.
estimation of the forward model for the
visuomotor transformation. The esti
mated forward model, in turn, together with the estimated cursor
and hand state can be used to compute the optimal control com
mand at every point in time. At the beginning of each trial the
forward model estimate of the adaptive controller is initialized to
match a standard hand– cursor mapping without a visuomotor
rotation (representing the prior, the average of all rotations). Due
to feedback delays, any mismatch between actual and expected
cursor position can only be detected by the adaptive controller
some time into the movement. The observed mismatch can then
be used both for the adaptation of the state and parameter esti
Figure 3. A, Rotation group. Relative cost of subjects’ movements in response to ± 90°
mates and for improved control (supplemental Fig. S3, available
visuomotor rotations. Over trial batches (200 trials) the cost of the adaptive strategy decreases.
at
www.jneurosci.org as supplemental material). To test this
B, Target jump group. Relative cost of subjects’ movements in response to ± 90° target
model
quantitatively, we adjusted the parameters of the model to
jumps. There is no improvement over trials. In both cases the costs have been computed by
fit the mean trajectory and variance of the 90°-rotation trials and
calculating the control command and the state space vectors from the experimental trajectories
by assuming a quadratic cost function. The cost has been normalized to the average cost of the
used this parameter set to predict behavior on both the standard
last five trial batches.
and other rotation trials. In the absence of the “cautiousness”
parameters which slow down control in the presence of uncer
rank-sum test). The reverse-engineered cost function for the
tainty about the rotation parameter, the predictions gave hand
90° target jumps was flat over trial batches (Fig. 3B).
speeds that were higher than those in our experimental data (sup
After the first block of target jump trials, the second group
plemental Fig. S5, available at www.jneurosci.org as supplemen
experienced a second block of random rotation trials identical to
tal material). In the presence of the “cautiousness” parameters
the second block the first group experienced. If the first group
not only was the cost of the controller lower, but we also found
learned a feedback control policy specifically for rotations in the
that the adaptive optimal control model predicted the main char
first block of trials then both groups should perform very differ
acteristics of the paths, speed and angular momentum, as well as
ently in the second block of trials where both groups experienced
the trial-to-trial variability of movements, with high reliability
random rotation trials. Again this hypothesis was confirmed by
(Fig.
6)—the predictions yielded r 2 > 0.83 for all kinematic vari
our results. The first group that was acquainted with rotations
ables. Both model and experimental trajectories first move
showed a stationary response to unexpected rotations (Fig. 4 A–
straight toward the target and then show adaptive movement
C). Performance error, speed profiles, and SD showed no changes
corrections after the feedback delay time elapsed. Both model and
over trials (Fig. 5A–C). Thus, there was no significant difference
experiment show a characteristic second peak in the velocity pro
between the minimum distance to the target between the first and
file, and the model predicts this peak correctly for all rotation
the last trial batches ( p > 0.01, Wilcoxon rank-sum test). In
angles.
Also the trial-by-trial variability is correctly predicted for
contrast the second group initially performed not better than
the different rotations.
naive subjects; i.e., their performance was the same as the perfor
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Discussion
Our results provide evidence that the
motor system converges to task-specific
stereotypical adaptive responses in un
predictable motor tasks that require si
multaneous adaptation and control.
Moreover, we show that such adaptive
responses can be explained by adaptive
optimal feedback control strategies.
Thus, our results provide evidence that
the motor system is not only capable of
learning nonadaptive optimal control
policies (Todorov and Jordan, 2002;
Diedrichsen, 2007) but also of learning
optimal simultaneous adaptation and
control. This shows that the learning
process of finding an optimal adaptive
strategy can be understood as an optimi
zation process with regard to similar
cost criteria as proposed in nonadaptive Figure 4. Evolution of within-trial adaptation and control for ± 90° random rotations in the second block of 2000 trials. A,
control tasks (Körding and Wolpert, Movement trajectories averaged over batches of 200 trials for the group that had experienced unexpected rotation trials already
in the previous 2000 trials. Dark blue colors indicate early batches, red colors indicate later batches. This group shows no improve
2004).
Previous studies have shown that opti ment. B, Speed profiles of the same trial batches. C, SD in the same trials. There is no trend over consecutive batches. D, Average
mal feedback control successfully predicts movement trajectories averaged over batches of 200 trials for the group that had experienced unexpected target jump trials in the
behavior of subjects that have uncertainty previous 2000 trials. This group shows learning. E, Speed profiles of the target jump group. F, SD in the same trials. The movement
characteristics change over consecutive batches.
about their environment (e.g., a force
field) that changes randomly from trial to
trial (Izawa et al., 2008). However, in these
experiments subjects did not have the op
portunity to adapt efficiently to the pertur
bation within single trials. Rather the per
turbation was modeled as noise or
uncertainty with regard to the internal
model. In our experiments subjects also
have uncertainty over the internal model,
but they have enough time to resolve this
uncertainty within the trial and adapt their
control policy accordingly. Another recent
study (Chen-Harris et al., 2008) has shown
that optimal feedback control can be suc
cessfully combined with models of motor
learning (Donchin et al., 2003; Smith et al.,
2006) to understand learning of internal
models over the course of many trials.
Here we show that learning and control
can be understood by optimal control
principles within individual trials.
Optimal within-trial adaptation of the Figure 5. Evolution of within-trial adaptive control for random rotations in the second block of 2000 trials. A, Minimum
control policy during a movement presup distance to target in ± 90° rotation trials averaged over batches of 200 trials for the group that had experienced unexpected
poses knowledge of a rotation-specific in rotation trials already in the previous 2000 trials. This group shows no improvement. Error bars show SD over all trials and subjects.
ternal model xt+1 = F(xt, ut, a), where a B, Mean magnitude of the second velocity peak over batches of 200 trials for the rotation group. C, SD in the last 500 ms of
denotes the system parameters the motor movement for ± 90° rotations computed over the same trial batches for the rotation group. There is no trend over consecutive
batches. D, Minimum distance to target in ± 90° rotation trials averaged over batches of 200 trials for the group that had
system is uncertain about (i.e., a rotation- experienced unexpected target jump trials in the previous 2000 trials. This group shows a clear improvement. E, Mean magnitude
specific parameter). This raises the ques of the second velocity peak over batches of 200 trials for the target jump group. F, SD in the last 500 ms of movement for ± 90°
tion of how the nervous system could learn rotations computed over the same trial batches for the target jump group. The SD clearly decreases over consecutive batches.
that a is the relevant parameter and that F
depends on a in a specific way. In adaptive
problem (i.e., visuomotor rotations with a varying rotation ancontrol theory this is known as the structural learning problem
gle) in the first 2000 trials of the experiment in which they expe
(Sastry and Bodson, 1989; Åström and Wittenmark, 1995) as
rience random rotations. As previously shown (Braun et al.,
opposed to the parametric learning problem of estimating a given
2009), such random exposure is apt to induce structural learning
knowledge of F(*, a). In our experiments, subjects in the rotation
and can lead to differential adaptive behavior. Here we explicitly
group have a chance to learn the structure of the adaptive control
investigate the evolution of structural learning for the online ad
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Figure 6. Predictions of the adaptive optimal control model compared with movement data. Averaged experimental hand trajectories (left column), speed profiles (second column), angular
momentum (third column), and trajectory variability (right column) for standard trials (black) and rotation trials [± 30° (blue), ± 50° (red), ± 70° (green), ± 90° (magenta)]. The second peak in
the speed profile and the magnitude of the angular momentum (assuming m = 1 kg) reflect the corrective movement of the subjects. Higher rotation angles are associated with higher variability
in the movement trajectories in the second part of the movement. The variability was computed over trials and subjects. The trajectories for all eight targets have been rotated to the same standard
target and averaged, since model predictions were isotropic. The model consistently reproduces the characteristic features of the experimental curves.

aptation to visuomotor rotations (Fig. 1) and, based on an opti
mal adaptive feedback control scheme, show that this learning
can be indeed understood as an improvement (Fig. 3) leading to
optimal adaptive control strategies. It should be noted, however,
that learning the rotation structure does not necessarily imply
that the brain is learning to adapt literally a single neural param
eter, but that exploration for online adaptation should be con
strained by structural knowledge leading to more stereotype
adaptive behavior. In the latter 2000 trials, when subjects know
how to adapt efficiently to rotations, their behavior can be de
scribed by a parametric adaptive optimal feedback controller that
exploits knowledge of the specific rotation structure.
In the literature there has been an ongoing debate whether
corrective movements and multiple velocity peaks indicate dis
cretely initiated submovements (Lee et al., 1997; Fishbach et al.,
2007) or whether multimodal velocity profiles are the natural
outcome of a continuous control process interacting with the
environment (Kawato, 1992; Bhushan and Shadmehr, 1999).
Our model predictions are consistent with the second view. Al
though corrective movements in our experiments are certainly
induced by unexpected perturbations, the appearance of correc
tions and multimodal velocity profiles can be explained by a con
tinuous process of adaptive optimal control.
As already described, online adaptation should not to be con
fused with online error correction (Diedrichsen et al., 2005). On
line correction is, for example, required in the case of an unpre
dicted target jump. Under this condition the same controller can
be used, i.e., the mapping from sensory input to motor output is
unaltered. However, unexpectedly changing the hand– cursor re
lation (e.g., by a visuomotor rotation) requires the computation
of adaptive control policies. This becomes intuitively apparent in
the degenerate case of 180° rotations, as any correction of a naive
controller leads to the opposite of its intended effect. However, it
should be noted that the distinction between adaptation and er
ror correction can be blurry in many cases. Strictly speaking, an
adaptive control problem is a nonlinear control problem with a
hyper-state containing state variables and (unknown) parame
ters. This means in principle no extra theory of adaptive control is
required. In practice, however, there is a well established theory

of adaptive control (Sastry and Bodson, 1989; Åström and Wit
tenmark, 1995) that is built on the (somewhat artificial) distinc
tion between state variables and (unknown) parameters. The two
quantities are typically distinct in their properties. In general, the
state, for example the position and velocity of the hand, changes
rapidly and continuously within a movement. In contrast, other
key quantities change discretely, like the identity of a manipu
lated object, or on a slower timescale, like the mass of the limb.
We refer to such discrete or slowly changing quantities as the
“parameters” of the movement. Therefore, state variables change
on a much faster timescale than system parameters and the latter
need to be estimated to allow for control of the state variables.
This is exactly the case in our experiments where the parameters
(rotation angle) change slowly and discretely from trial to trial,
but the state variables (hand position, velocity, etc.) change con
tinuously over time (within a trial). Thus, estimating uncertain
parameters can subserve continuous control in an adaptive man
ner. In summary, our results suggest that the motor system can
learn optimal adaptive control strategies to cope with specific
uncertain environments.
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1

Adaptive Optimal Control Methods

The general mathematical model underlying the ﬁts and predictions in the main text belongs to a
class of modiﬁed Linear-Quadratic-Gaussian (LQG) models [Stengel, 1994]. LQG models deal with
linear dynamic systems, quadratic cost functions as performance criteria, and Gaussian random
variables as noise. Here we consider the following model class:
~xt+1 = F [~a ] ~xt + G ~ut + ª~t + G

X

Ci ~ut æi,t

i

~yt = H ~xt + ¬
~
" 1 t
#
o
Xn
1
J =
E
~xTt Q ~xt + ~uTt R ~ut
2
t=0

(1)

with the following variables
dynamic state
unknown system parameters
control signal
feedback observation

~xt 2 <n
~a 2 <l
~ut 2 <m
~yt 2 <q

expected cumulative cost
state cost matrix
control cost matrix

J 2<
Q = QT ∏ 0
R = RT > 0

Time is discretized in bins of 10ms. The noise variables ª~t 2 <n , ¬
~ t 2 <k , æi,t 2 < are realizations
of independent, zero-mean, Gaussian noise processes with covariance matrices E[ª~t1 ª~tT2 ] = ≠ª ±t1 t2 ,
E[~
¬t1 ¬
~ Tt2 ] = ≠¬ ±t1 t2 and E[æi1 ,t1 æi2 ,t2 ] = ±t1 t2 ±i1 i2 respectively. The dynamic state ~xt is a hidden
variable that needs to be inferred from feedback observations ~yt . An initial estimate of ~x0 is given
by a normal distribution with mean ~x̂0 and covariance P0x . Accordingly, an initial estimate of the
unknown parameters ~a is given by a normal distribution with mean ~â0 and covariance P0a . This
allows to state the optimal control problem: given F [~â0 ], G, H, Ci , ≠ª , ≠¬ , P0x , P0a , R, Q, what is
the control law ~ut = ~º (~x̂0 , ~u0 , ...~ut°1 , ~y0 , ...~yt°1 , t) that minimizes the expected cumulative cost J?
In the absence of multiplicative noise (i.e. Ci ¥ 0 8i) and assuming perfect knowledge of
all system parameters ~a, the posed optimal control problem has a well-known solution [Stengel,
1994]: a Kalman ﬁlter estimates the hidden state ~xt optimally in a least-squares sense and a linear
optimal controller maps this estimate ~x̂t into a control signal ~ut . Several approximative solutions
have been suggested in the literature to solve the non-adaptive control problem with multiplicative
noise [Moore et al., 1999; Todorov, 2005]. Here we address the optimal control problem with
multiplicative noise in the presence of parameter uncertainties.
Unfortunately, adaptive optimal control problems can, in general, neither be solved analytically
nor numerically. Therefore, reasonable approximations have to be found that are applicable to broad
2

classes of problems. In movement neuroscience, usually ‘indirect’ adaptive control schemes are used,
implying that subjects avail themselves of internal models both to predict their environment and
to adjust their motor control on the basis of these predictions. Mathematically, this entails the
separation of estimation and control processes, i.e. the general proceeding is (1) to identify the
system parameters ~a on-line, and (2) to exploit the resulting estimate ~ât by appropriately adjusting
the control law ~º when computing ~ut .

1.1

The Estimation Problem

To perform system identiﬁcation on-line in a noisy environment implies solving a joint ﬁltering
problem [Haykin, 2001], because states and parameters have to be estimated simultaneously. Joint
ﬁltering methods are based on the deﬁnition of an augmented or joint state space with the con
catenated state vector
"
#
~xt
~xt =
(2)
~at
Since the unknown parameters are assumed to be constant (~at+1 = ~at ), system identiﬁcation can
be simply instantiated by letting the parameters do a random walk driven by a process noise1
~∫t s N (0, ≠∫ )
~at+1 = ~at + ~∫t
(3)
To be compatible with the concatenated state vector, the state transition matrix, the measurement
matrix and the process covariance matrix need to be modiﬁed for the joint state space
"
#
F [~at ]
0
F̃ [~at ] =
0
Il£l · ~at
h
i
˜ =
H
H 0
"
#
≠ª 0
˜˜ =
≠
ª
0 ≠∫
Since adaptive control problems are inherently nonlinear, the standard Kalman ﬁlter solution
[Kalman, 1960] is not applicable in the augmented state space. A state-of-the-art method for non
linear estimation problems is Unscented Kalman ﬁltering [Haykin, 2001], where the distribution
of the random variable is sampled e±ciently by carefully chosen sigma points that are propagated
through the full nonlinearity. The sigma vectors of the random variable with mean~ˆx 2 <n+l and
covariance P x are calculated according to
X0 =~ˆx
p
Xi =~ˆx + ∞ ( P x)i
p
Xi =~ˆx ° ∞ ( P x)i°n°l

i = 1, . . . , n + l
i = n + l + 1, . . . , 2(n + l)

The parameter covariance matrix ≠∫ determines the time scale of parameter adaptation. In the present case,
≠∫ is a phenomenological constant that captures the adaptation rate of the brain for a speciﬁc learning task. The
optimal control problem is posed under the constraint of this given adaptation rate.
1

3

p
with the scaling parameter ∞ [Julier et al., 1995]. The expression ( P x)i denotes the ith column of
the matrix square root of P x that can be determined, for instance, by the lower-triangular Cholesky
factorization. This leads to the following Kalman ﬁlter equations:
~x̂ = ~x̂ ° + Kt [y~t ° ~ŷ ° ]
t
t
t

(4)

Ptx = Ptx° ° Kt Ptyy KtT

(5)

with the Kalman gain Kt = Ptxy (Ptyy )°1 and the covariances
Ptyy

=

Ptxy =
Ptx° =

2n
X
i=0
2n
X
i=0
2n
X

(c)
Wi

(c)

Wi

(c)

Wi

i=0

≥
¥≥
¥T
°
°
°
°
~
~
Yt ° ŷt
Yt ° ŷt
+ ≠¬

(6)

≥
¥≥
¥T
°
Xt° ° ~x̂t
Yt° ° ~ŷt°

(7)

≥
¥≥
¥
X
°
° T
˜˜+
Xt° ° ~x̂t
Xt° ° ~x̂t
+≠
G̃ Ci , ~ut ~uTt CiT G̃T
ª

(8)

i

The last summand of equation (8) accounts for higher variability due to multiplicative noise and
is derived from a linear approximation scheme following [Moore et al., 1999]. The required sigma
points are calculated as
Xt° = F̃ [Xt°1 ] + G̃ ~ut°1
2n
X
(m)
~x̂ ° =
Wi Xt°
t

(9)
(10)

i=1

˜ °
Yt° = HX
t
2n
X (m)
~ŷ ° =
Wi Yt°
t

(11)
(12)

i=1

(m)

with scaling parameters Wi

1.2

(c)

and Wi

[Julier et al., 1995].

The Control Problem

In general, the posed adaptive optimal control problem will be a dual control problem 2 without a
straightforward solution [˚
Astr¨om and Wittenmark, 1989]. In the case of partial system observability,
it is a common approximation [Bar-Shalom and Tse, 1974; Bar-Shalom, 1981] to decompose the cost
function J into a deterministic part JD (certainty-equivalent control ), a cautious part JC (prudent
control ), and a probing part JP (explorative control ). Accordingly, the adaptive optimal controller
The dual control problem is conceptually related to the exploration-exploitation-dilemma known in reinforcement
learning [Sutton and Barto, 1998], since it deals with a similar set of questions: If the parameter uncertainty is not
too high, should one act as if there were no uncertainty (certainty-equivalent control )? Should one be particularly
prudent in an unknown environment (cautious control )? Or is it best to be explorative, i.e. invest short-term eÆort
into identifying the unknown parameters and exploit this knowledge subsequently (probing control )?
2

4

u is designed as a composition of the sub-controllers uD , uC and uP . Then it depends on the
characteristics of the speciﬁc control problem which sub-controllers dominate and which might be
neglected. Especially the design of the sub-controllers uC and uP usually follows mere heuristic
principles. The design of uD can be obtained by virtue of the certainty-equivalence principle 3 . In
the present case, the following certainty-equivalent controller can be derived by applying again the
approximation scheme of [Moore et al., 1999] to linearize the multiplicative noise terms

with

~ xt
~uD
t = °Lt [ât ] ~

(13)

X
¢°1 T
°
~ t ] = R + GT St G +
~ t]
Lt [â
CiT GT St G Ci
G St F [â

(14)

i

The matrix St can be easily computed by solving the pertinent Riccati equation by means of
established standard methods
X
¢°1 T
°
~ t ]T St F [â
~ t ] ° F [â
~ t ]T St G R + GT St G +
~ t]
St = Q + F [â
CiT GT St G Ci
G St F [â

(15)

i

In case of perfect knowledge of system parameters and full state observability (i.e. ~yt = ~xt ),
the above solution can be shown analytically to be optimal [Kleinman, 1969]. In case of partial
observability, equations (13)-(15) can only be part of an approximative solution [Moore et al.,
1999; Todorov, 2005]. In case of parameter uncertainties, the additional di±culty arises that
successful system identiﬁcation in the closed loop cannot be guaranteed generically [Kumar, 1983,
1990; van Schuppen, 1994; Campi and Kumar, 1996; Campi, 1997]. Here, we only considered
unknown system parameters in the state transition matrix, but the algorithm is also applicable
in the face of general parameter uncertainties provided that questions of stability and closed-loop
identiﬁcation are clariﬁed on a case-to-case basis. These di±culties are omnipresent in adaptive
control, simply due to the immense complexity of the topic. Indeed, the vast majority of practical
applications in the ﬁeld that have proven to be very robust lack a thorough mathematical treatment
˚ om and Wittenmark, 1989; Sastry and Bodson, 1989]. Here, we compare
and convergence proof [Astr¨
the performance of the proposed algorithm with other non-adaptive control algorithms considering
a multiplicative noise structure (Fig. S1).

1.3

Connection to Non-adaptive Optimal Control Models

From a theoretical point of view it seems desirable to design a uniﬁed control scheme, where “learn
ing control” equals “standard control” in the absence of parameter uncertainties, and “learning”
converges to “standard” over time. The proposed approach in sections (1.1) and (1.2) fulﬁls this
When neglecting uC and uP , the certainty-equivalence principle leads to the control scheme of the self-tuning
regulator [Åström and Wittenmark, 1989], i.e. the current parameter estimate ~ât is employed for control as if it
were the true parameter ~a, while the uncertainty Pta of the estimate is ignored for control purposes
3

5

criterion and is, therefore, consistent. However, the question arises in how far our “standard con
trol” corresponds to non-adaptive optimal control schemes in the literature [Todorov and Jordan,
2002].
In contrast to previous non-adaptive optimal control schemes, we have postulated optimality
not for an action sequence on a predeﬁned time interval T , but for an indeﬁnite runtime. In
the literature this is known as inﬁnite horizon control as opposed to ﬁnite horizon control with
a predeﬁned time window T [Stengel, 1994]. We have chosen this approach, because the ﬁnite
horizon setting does not allow the implementation of adaptivity in a straightforward manner4 .
Additionally, a noisy inﬁnite horizon model naturally predicts variable movement durations, while
variable movement times T in a ﬁnite horizon model have to be introduced by deliberately drawing
T from a Gaussian distribution. Remarkably, the proposed control architecture is able to reproduce
the speed-accuracy trade-oÆ in the presence of multiplicative noise and can account for the speedtarget distance relationship as found experimentally (cf. Fig. S2). However, it remains to be
tested in how far actual motor behavior can be accounted for by time-independent optimal policies,
and whether and in which contexts time-dependent policies are indispensible. A straightforward
generalization of the present algorithm would be to allow for state-dependent feedback gains (see
[Jazwinsky, 1970] for state-dependent Ricatti equation (SDRE) control).

1.4

Arm Model

In the experiment described in the main text, human subjects steered a cursor on a screen to
designated targets. Since the hand movement in the experiment was very conﬁned in space (8cm),
the hand/cursor system is modeled with linear dynamic equations. Following previous studies
[Todorov, 2005; Winter, 1990] the hand is modeled as a point mass m with two-dimensional position
p~H (t) and velocity ~v H (t) = ṗ~H (t). The combined action of all muscles on the hand is represented
by the force vector f~(t). The neural control signal ~u(t) is transformed to this force through a
second-order muscle-like low-pass ﬁlter with time constants ø1 and ø2 . In every instant of time, the
In the ﬁnite horizon setting [Harris and Wolpert, 1998; Todorov and Jordan, 2002] the argument goes that
during movement execution there are no explicit constraints apart from avoiding excessive control signals, and only
when the target is reached accuracy becomes an issue, i.e. in mathematical terms the cost matrix Q is zero during
the movement and takes the value Q = Qf at the end of the movement. To solve this ﬁnite-horizon optimal control
problem, the constraint Qf has to be propagated back through time via the Riccati recursion determining the optimal
feedback gain Lt at each point in time. Thus, target-related accuracy requirements (“minimum end-point variance”
[Harris and Wolpert, 1998]) shape the optimal trajectory. Obviously, this procedure cannot be carried over to the
adaptive case in a straightforward manner, since the Riccati recursion presupposes knowledge of the true system
parameters to determine the entire sequence of optimal feedback gains and to backpropagate terminal constraints
through time. Finally, going one step back and trying to solve the pertinent Bellman equation under parameter
uncertainties is also not an option due to mathematical intractability. In contrast, a stationary feedback controller
in an inﬁnite horizon setting easily carries over to the adaptive case by re-computing the “stationary” control law
in each time step, thus, considering the most recent parameter estimate. This also implies that such an adaptive
controller is applicable on-line.
4
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hand motion is mapped to a cursor motion on a screen by use of a manipulandum. This mapping
can either be straightforward, or a rotation ¡ between hand movement and cursor movement can
be introduced. Neglecting the dynamics of the frictionless manipulandum, the cursor position p(t)
~
H
is connected to the hand position via a simple rotation operator D¡ , i.e. p~(t) = D¡ p~ (t). Put
together, this yields the following system equations
1
D¡ f~(t)
m

~
p̈(t)
=

(16)

ø1 ø2 f~¨(t) + (ø1 + ø2 )f~˙(t) + f~(t) = ~u(t)

(17)

Equation (17) can be written equivalently as a pair of coupled ﬁrst-order ﬁlters with outputs g and
f . This allows to formulate the state space vector ~x 2 <10 as
~x(t) =

h

x

x

x

x

p (t) v (t) f (t) g (t)

ptarget
x

y

y

y

y

p (t) v (t) f (t) g (t)

ptarget
y

iT

where the target location is absorbed in the state vector. When discretizing the above equations
with time bin ¢ the following system matrices are obtained
0

B
B
B
B
B
B
B
B
B
B
F [¡] = B
B
B
B
B
B
B
B
B
@

1 ¢
0
0
¢
0 1
0
m cos(¡)
¢
¢
0 0
1 ° ø2
ø2
0 0
0
1 ° ø¢1
0 0
0
0
0 0
0
0
¢
0 0 ° m sin(¡)
0
0
0 0
0
0
0 0
0
0
0 0
0

0
0
0
0
1
0
0
0
0
0

0 0
0 0
0 0
0 0
0 0
1 ¢
0 1
0 0
0 0
0 0

0
0
¢
0
m sin(¡)
0
0
0
0
0
0
0
0
¢
0
m cos(¡)
¢
¢
1 ° ø2
ø2
0
1 ° ø¢1
0
0

0
0
0
0
0
0
0
0
0
1

1
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

0

B
B
B
B
B
B
B
B
B
B
G=B
B
B
B
B
B
B
B
B
@

0
0
0
¢
ø1

0
0
0
0
0
0

0
0
0
0
0
0
0
0
¢
ø1

0

1
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
C
A

A crucial part of the dynamic equations of the arm model is the multiplicative noise structure
[Harris and Wolpert, 1998]. Following [Todorov, 2005], control-dependent noise is generated by
multiplying the control signal ~ut with a stochastic matrix and a scaling parameter ßu
√
!
(1)
(2)
æt
æt
G ßu
~ut
(2)
(1)
°æt
æt
Accordingly, the matrices Ci (i = 1, 2) are set to
!
√
!
√
ßu 0
0
ßu
C1 =
C2 =
0 ßu
°ßu 0
Feedback is provided by delayed and noisy measurement of position and velocity of the cursor,
and proprioception. The system formulation of equation (1) already implied a feedback delay of
one time step, since the sensory feedback yt is received after generation of the control signal ut .
7

Including an additional delay of d time steps can be achieved easily by further augmenting the
state space as described in the literature [Todorov and Jordan, 2002]. For the present simulations
a feedback delay of 150ms was assumed. This yields the feedback equation
h
iT
y
y
y
x
x
x
~yt = pt°d vt°d ft°d pt°d vt°d ft°d
+ ¬t

When introducing a parameter uncertainty as in (1), long feedback delays can lead to substantial
problems in the process of joint estimation, such as instability and oscillations in the parameter
estimate. In fact, the joint estimation of states and parameters can only be accomplished if the
parameters change on a time-scale well below the delay time. To circumvent these problems we
simply iterated the Kalman equations (4)-(5) at every time step t from t0 = 0 to t0 = t by setting
~ât0 = ~ât and P a0 = P a for t0 = 0. This solution is still causal, but makes explicit use of the knowledge
t
t
that the unknown parameters are constant throughout the control task.

2

Model Fit

For the investigated visuomotor learning task, the cost function J is given by
" 1 Ω
æ#
X
1
J= E
~xTt Q ~xt + ~utT R ~ut
2
t=0
with

0

B
B
B
B
B
B
B
B
B
Q=B
B
B
B
B
B
B
B
B
@

wp2
0
0
wv2
0
0
0
0
°wp2 0
0
0
0
0
0
0
0
0
0
0

0
0
0
0
0
0
0
0
0
0

0 °wp2
0
0
0
0
0
0
0
0
0
0
0
0
0
0
0 wp2
0
0
2
0
0
wp
0
0
0
0
wv2
0
0
0
0
0
0
0
0
2
0
0
°wp 0

0
0
0
0
0
0
0
0
0
0

1
0
0
C
0
0 C
C
0
0 C
C
C
0
0 C
C
C
0
0 C
0 °wp2 C
C
C
0
0 C
C
0
0 C
C
C
0
0 A
0 wp2

R=

√

(18)

r 0
0 r

!

Following equation (13), the certainty-equivalent controller then takes the form
ˆ ~
~uD
t = °Lt [¡t ] x̂t

(19)

where Lt is computed according to equation (14) and the estimates ~x̂t and ¡ˆt are procured by the
Unscented Kalman Filter that operates in the augmented state space
"
#
~x̂t
~x̂ =
(20)
t
¡ˆt
An example of how the parameter estimate evolves within a trial can be seen in Fig. S3.
8

As discussed in the previous section, optimal adaptive controllers generally have to be designed
in a problem-speciﬁc fashion. To this end, issues of cautious and probing control have to be
tackled. In the present case, the probing control problem can safely be neglected, since center-out
movements automatically entail better system identiﬁcation of the rotation parameter ¡ˆ. However,
it is intuitively clear that cautiousness (slowing down) is expedient in the presence of very slow
parameter identiﬁcation and high feedback gains. In line with previous work in the engineering
sciences [Chakravarty and Moore, 1986; Papadoulis et al., 1987; Papadoulis and Svoronos, 1989],
cautiousness is introduced here heuristically by means of an innovation-based “cautious factor”.
The basic idea is to tune down feedback gains if the parameter innovation is high, i.e. if the
current parameter estimate yields poor predictions. The parameter innovation can be obtained by
calculating the Robbins-Munro innovation update [Ljung and Sönderström, 1983]
h
ih
iT
ˆ
ˆ
ˆ
¡ˆ
It+1
= (1 ° Æ) It¡ + Æ Kt¡ ~yt ° ~ŷt° ~yt ° ~ŷt° (Kt¡ )T
ˆ

where Kt¡ corresponds to the respective entries of the Kalman gain matrix Kt from the Unscented
Kalman Filter working on the augmented state space5 . An example of the innovation estimator can
ˆ
be seen in Fig. S3. Importantly, the parameter innovation It¡ can be used to adjust the feedback
gain Lt . In the present case, the feedback gain is eÆectively determined by the two cost parameters
wp and wv . They specify the controller’s drive to regulate the position towards the target position,
while trying to regulate the velocity to zero. Since the cost function is invariant with regard to
a scaling factor (i.e. r can be set arbitrarily), cautiousness can be introduced most generally by
means of two eÆective cost parameters
w̃tp =
w̃tv

wp
ˆ

1 + ∏p It¡
≥
¥
ˆ
= wv 1 + ∏v It¡

with constants ∏p and ∏v . While the original cost function is still determined by wp and wv , the
eÆective cost parameters w̃tp and w̃tv (i.e. the eÆective cost matrix Q̃t ) can be used to calculate the
(approximatively) optimal adaptive feedback gain. The optimal adaptive controller then takes the
form
~uopt
= °L̃t [¡ˆt ] ~x̂t
(21)
t

with L̃t [¡ˆt ] from equation (14) calculated on the basis of Q̃t . In the absence of parameter uncertainty
ˆ
(It¡ = 0) this yields a standard LQG control scheme. For inﬁnitely high innovations one gets w̃tp ! 0
and w̃tv ! 1, i.e. the controller halts.
Finally, the model was tested on the experimental movement data. To this end, four eÆective
control parameters and three noise parameters of the model were adjusted to ﬁt the mean trajectory
and variance of 90± -transformation trials. The parameters of the arm model were taken from the
literature [Todorov, 2005]. The obtained parameter set was then used to predict trajectories,
5

We set Æ = 0.1

9

speed proﬁles, angular speed and variance for all intermediary transformation angles and standard
movements.
The parameter set to ﬁt and predict the human movement data was as follows:
Arm Parameters

ø1 = ø2 = 40ms
m = 1kg

Control Parameters wp = 1
wv = 0.1
r = 0.0001
∏p = 2 · 104
∏v = 1 · 104
Noise Parameters

≠ª = 0
≥
¥2
≠¬ = 0.1 diag([1cm 10cm/s 100cN 1cm 10cm/s 100cN ])
≠∫ = 10°7
ßu = 0.7

The average costs appertaining to this parameter set mounted up to J = 7880 ± 60. In contrast, a
certainty-equivalent controller (∏p ¥ ∏v ¥ 0) yields J CE = 8910 ± 70. This clearly shows that for
fast movements it is optimal to behave cautiously (cf. Fig. S5).
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Benchmark Test
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Figure S1. Benchmark Test. The performance of the proposed algorithm (“U KFmult ”) was
measured for diÆerent magnitudes of multiplicative noise in a standard center-out reaching task
to allow for comparison with existing approximation schemes by [Todorov, 2005] and [Moore et
al., 1999]. In the absence of observation noise, Kleinman [Kleinman, 1969] calculated the optimal
solution to the posed control problem and, thereby, provided a lower bound. All other algorithms
are run in the presence of observation noise and their average costs per trial are normalized by this
lower bound. All three algorithms achieve roughly the same performance.

Speed vs. Accuracy

Speed vs. Target Distance
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Figure S2. Speed-Accuracy Trade-oÆ. Due to control-dependent multiplicative noise, fast move
ments entail higher inaccuracy as measured by positional standard deviation once the target is
reached. This relationship cannot be explained in an additive noise scenario. Model predictions
are in line with the model of Todorov [Todorov, 2005]. (b) Speed vs. Target Distance. The model
predicts a linear relationship between target distance and peak velocity as found experimentally.
(cf. [Krakauer et al., 2000, Fig. 2D]).
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Figure S3. Adaptation of model parameters. The left panel shows trajectories when the controller
adapts to diÆerent unexpected visuomotor transformations: 0± black, 30± blue, 50± red, 70± green
and 90± magenta. The middle panel shows how the innovation estimate evolves within a trial. Due
to feedback delay, initially there is no mismatch detected. After the delay time the innovation
estimator detects parameter mismatch. Once the correct parameter estimate can be achieved
innovations return to zero again. The right panel shows evolution of the parameter estimate
within a trial. The diÆerent rotation angles are estimated corresponding to diÆerent experienced
visuomotor rotations.
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Figure S4. Non-adaptive optimal control model. When the model is not allowed to track the
rotation parameter, the controller becomes quickly unstable. The trajectories diverge.
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Figure S5. Adaptive controller without “cautiousness”. When the cautiousness parameters are
set to zero, the controller acts much faster in the second part of the movement, not only leading to
higher speeds, but importantly also to higher costs (compare Section 2).
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